The existence of a bounded Hilbertian basis in
Introduction.
It is well known that an orthonormal sequence {x"} in a Hubert space possesses the following properties:
(1) 2£ia¿x¿ converges implies 2S=i |af|2<co, and (2) Zti N2 implies ££, aixi converges. A basis {xj in a Banach space satisfying (1) is called a Besselian basis and a basis {x¿} in a Banach space satisfying (2) is called an Hilbertian basis. A basis {x"} is bounded if 0<inf" ||jc"||_supB ||x"||<oo. In [2] , Pelczyñski raised the question whether there exists in C[0, 1] (in F^O, 1]) a bounded Besselian (resp. Hilbertian) basis, in particular, whether there exists in C[0, 1] a bounded orthonormal basis. In [4] , Olevskiï proved the nonexistence of bounded orthonormal basis in C[0, 1]; in this paper we will show that there exists a bounded Hilbertian basis in C[0, 1].
A basis {x"} of a Banach space is wc0 (or semishrinking) if xn converges weakly to 0. Since every Hilbertian basis is a wc0 basis, it is natural to look for a bounded Hilbertian basis in the class of bounded wc0 bases. The referee has pointed out to us that Warren [3] has constructed a bounded wc0 basis in C[0, 1]. Our basis is similar to his, but is a little simpler. Finally, we define another sequence in C[0, 1] as follows: yi=xi (; = 0, 1,2), and for «^2 and p(n)= 1 +22 + -■ -+ (n-\)2+l
We note in particular that for «_3, l^k^n2, the support ofyv(n)+k is contained in the union of two closed disjoint intervals InX and In2, Hence C can be chosen to be 6. To show that {yn} is a bounded Hilbertian basis, we may disregard a finite number of y ¡'s. Therefore, for sake of symmetry, we will consider only yp(n)+k for n^3, l^k^n2.
Let InA and /".2 be the two disjoint closed intervals mentioned above. It is clear that and sup{l>V<»Hfc(')l \t£l,"2} = n~2 where V(hA (i=l, 2) are the total variations of the monotone increasing functions hv This obviously implies the convergence of the series. Finally, the boundedness is clear. This completes the proof.
